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ON THE GENERATING FUNCTION OF p-BERNOULLI NUMBERS:
AN ALTERNATIVE APPROACH
LEVENT KARGIN AND MOURAD RAHMANI
Abstract. In this note, we give an alternative proof of the generating function of p-
Bernoulli numbers. Our argument is based on the Euler’s integral representation.
1. Introduction
The p-Bernoulli numbers Bn,p (n, p ≥ 0) was introduced by the second author in a recent
paper [6] as a generalization of Bernoulli numbers, which are defined by the following
exponential generating function∑
n≥0
Bn,p
tn
n!
= 2F1
(
1, 1; p+ 2; 1− et
)
, (1)
where 2F1 (a, b; c; z) denotes the Gaussian hypergeometric function. Please refer to [1, 2,
3, 6] for more details on these numbers.
In [3] the authors gave the closed formula for the exponential generating function of
Bn,p in terms of the harmonic numbers.
Theorem 1. For p ≥ 0
∞∑
n=0
Bn,p
tn
n!
=
(p+ 1)(t−Hp)e
pt
(et − 1)p+1
+ (p+ 1)
p∑
k=1
(
p
k
)
Hk
(et − 1)k+1
, (2)
where Hn is the harmonic numbers defined by
H0 = 0, Hn =
n∑
j=1
1
j
(n ≥ 1).
In this note, we give an alternative proof of the generating function of p-Bernoulli
numbers. The proof of Theorem 1, is based upon the formula [6, p.361]
∑
n≥0
Bn,p
tn
n!
= (p+ 1)
1∫
0
(1− x)p
1− (1− et)x
dx. (3)
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Remark 2. Note that Prodinger and Selkirk in [5] presented a simple proof of (2) by
using elementary methods. Another proof was also given by Kuba in [4].
2. Proof
From (3) and binomial formula, we get
∑
n≥0
Bn,p
tn
n!
= (p + 1)
p∑
k=0
(
p
k
) 1∫
0
(−x)k
1− (1− et)x
dx.
Now, making the substitution u = (1− et) x, we have
∑
n≥0
Bn,p
tn
n!
= (p+ 1)
p∑
k=0
(
p
k
)
1
(et − 1)k+1
1−et∫
0
−uk
1− u
du
= (p+ 1)
p∑
k=0
(
p
k
)
1
(et − 1)k+1

 1−e
t∫
0
1− uk
1− u
du−
1−et∫
0
1
1− u
du


=
(p+ 1) tept
(et − 1)p+1
+ (p+ 1)
p∑
k=0
(
p
k
)
1
(et − 1)k+1
1−et∫
0
1− uk
1− u
du.
Since the integral representation of harmonic numbers is
Hn =
1∫
0
1− xn
1− x
dx.
Then we have
∑
n≥0
Bn,p
tn
n!
=
(p+ 1) tept
(et − 1)p+1
+ (p+ 1)
p∑
k=0
(
p
k
)
1
(et − 1)k+1

Hk −
1∫
1−et
1− uk
1− u
du


=
(p+ 1) tept
(et − 1)p+1
+ (p+ 1)
p∑
k=0
(
p
k
)
1
(et − 1)k+1

Hk − k−1∑
i=0
1∫
1−et
uidu


=
(p+ 1) tept
(et − 1)p+1
+ (p+ 1)
p∑
k=0
(
p
k
)
1
(et − 1)k+1
(
Hk −
k∑
i=1
1− (1− et)
i
i
)
.
Using again the binomial formula, we obtain
∑
n≥0
Bn,p
tn
n!
=
(p+ 1) tept
(ez − 1)p+1
+ (p+ 1)
p∑
k=0
(
p
k
)
Hk
(et − 1)k+1
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−
(p+ 1) ept
(ez − 1)p+1
p∑
k=0
(
p
k
)
(et − 1)
p−k
ept
k∑
i=1
1
i
(
1−
i∑
s=0
(
i
s
)
(−1)s est
)
. (4)
Therefore
∑
n≥0
Bn,p
tn
n!
=
(p+ 1) tept
(et − 1)p+1
+ (p+ 1)
p∑
k=0
(
p
k
)
Hk
(et − 1)k+1
+
(p+ 1) ept
(et − 1)p+1
p∑
k=0
(
p
k
)(
et − 1
)p−k i∑
s=1
(−1)s e(s−p)t
k∑
i=1
1
i
(
i
s
)
. (5)
Since
k∑
i=1
1
i
(
i
s
)
=
1
s
(
k
s
)
,
then (5) becomes
∑
n≥0
Bn,p
tn
n!
=
(p+ 1) tept
(et − 1)p+1
+ (p+ 1)
p∑
k=0
(
p
k
)
Hk
(et − 1)k+1
+
(p+ 1) ept
(et − 1)p+1
p∑
s=1
(−1)s
1
s
e(s−p)t
(
p∑
k=0
(
k
s
)(
p
k
)(
et − 1
)p−k)
. (6)
It is easily verified that
p∑
k=0
(
p
k
)(
k
s
)(
et − 1
)p−k
=
(
p
s
)
e(p−s)t.
Thus we have∑
n≥0
Bn,p
tn
n!
=
(p+ 1) ept
(et − 1)p+1
(
t+
p∑
s=1
(−1)s
1
s
(
p
s
))
+ (p+ 1)
p∑
k=0
(
p
k
)
Hk
(et − 1)k+1
. (7)
Formula (2) now follows from (7) and
Hp = −
p∑
s=1
(−1)s
1
s
(
p
s
)
.
The proof of Theorem 1 is complete.
Remark 3. The polynomial version of the generating function of p-Bernoulli numbers is
easily obtained by multiplying the right-hand side of (2) by ext.
∞∑
n=0
Bn,p(x)
tn
n!
=
(p+ 1)(t−Hp)e
(x+p)t
(et − 1)p+1
+ (p+ 1)ext
p∑
k=1
(
p
k
)
Hk
(et − 1)k+1
.
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